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Abstract

The process of DT-driven contact melting of the solid phase change material (PCM) around a horizontal elliptical cylinder heat source
is analyzed. Aiming at the problem existed in the published literature, namely the thickness of boundary layer tends to be infinite at
/ = 90�, and considering the difference of normal angle between the horizontal elliptical cylinder surface and the solid–liquid interface
of PCM, a new mathematic model is proposed, and the fundamental equations for the melting process are derived with the film theory.
The new pressure distribution inside the boundary layer, the variation law of normal angle of the solid–liquid interface, the thickness of
the boundary layer and the relationship between the melting velocity and resultant force are obtained. The solutions of the fundamental
equations under different elliptical compression coefficients are analyzed and discussed. It is found that the thickness of the boundary
layer obtained by the new model is a finite value and accords with the experimental result at / = 90�.
� 2007 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in

China Press. All rights reserved.
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1. Introduction

The phenomena of contact melting of solid phase
change material (PCM) around the heat source exist in
nature and technological fields widely, such as weld,
nuclear technology and heat control of spacecrafts etc.
[1]. Many scholars have done a mass of researches on
the processes of contact melting with different geometry
shapes because of its high thermal conductivity and engi-
neering application value. For example, Refs. [2–12] have
given a series of useful analyses and experiments and
numerical calculation results for the processes of contact
melting that is driven by the temperature difference DT,
around a heat source with different shapes, such as
spherical, cylindrical, parabolic or elliptical shapes.
Whereas all these studies adopt the homological analysis

model, and result in that the thickness of the boundary
layer tends to be infinite at / = 90�. It obviously does
not accord with the practical phenomena and is needed
to be improved. In the present work, the contact melting
processes of PCM around a horizontal elliptical cylinder
heat source are studied. Considering the difference of
normal angle between the horizontal elliptical cylinder
surface and the solid–liquid interface of PCM, we pro-
pose a new mathematic model and derive the fundamen-
tal equations for the melting process. The new variation
law of the thickness and pressure distribution inside the
boundary layer as well as the relationship between the
melting velocity and resultant force are given.

2. Model and fundamental equations

The physical model and coordinates considered in this
investigation are shown in Fig. 1. The radius of the ellipti-
cal cylinder heat source with compression coefficient
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J(J = b/a) on coordinate axis x and y is a and b, respec-
tively. The horizontal elliptical heat source with the con-
stant wall temperature Tw, on which a resultant force F is
imposed, melts down through the PCM with the tempera-
ture T0 at the constant velocity U. Tm is the melting point
temperature of PCM. The angle between the radius of
ellipse and negative axis y is noted by /, which varies from
0� to 90�. The ellipse’s tangent and normal are figured by h

and S, respectively, and each is endued with the direction
as shown in Fig. 1. u is the angle between the ellipse’s tan-
gent and axis x, and h is the angle between the tangent on
the solid–liquid interface of PCM and axis x. It is assumed
that (1) the thickness d of melt liquid layer is so thin
(d� a,b) that the pressure P in S direction inside the
boundary layer can be supposed to be constant; (2) the
inertia force is negligible as compared with viscous force,
and heat transport by convective flow inside the boundary
layer is also negligible as compared with that by heat con-
duction. Other assumptions are the same as Refs. [2–6].

The ellipse equation is

x2

a2
þ y2

b2
¼ 1 ð1Þ

The dominant equations of the melting processes inside the
boundary layer are

ou
oh
þ ov

oS
¼ 0 ð2Þ
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oS2
¼ dP
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ð3Þ
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þ v

oT
oS
¼ a
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oS2
ð4Þ

The related boundary conditions are

S ¼ 0 : u ¼ v ¼ 0 T ¼ T w

S ¼ d : u ¼ 0; v ¼ �U cos h; T ¼ T m

ð5Þ

where u and v are the velocities of melt liquid along h and S
directions inside the boundary layer, respectively. The en-
ergy balance equation in the solid–liquid interface is

�k
oT
oS
jS¼d cosðu� hÞ ¼ qLmU cos h ð6Þ

where Lm = L + cp(Tw � Tm) is the modified melting latent
heat of PCM, and cp is the specific heat of PCM.

Combining Eqs. (3) and (5), we can get

u ¼ 1

2l
dP
dh
ðS2 � SdÞ ð7Þ

The mass balance equation inside the liquid boundary layer
is
Z d

0

uds ¼
Z /

0

U cos hdh ð8Þ

Substituting Eq. (7) into Eq. (8) yields

dP
dh
¼ � 12lU

d3

Z /

0

cos hdh ð9Þ

Because the thickness of the boundary layer is very thin, it
is assumed that the temperature inside the liquid boundary
layer is a linear distribution in S direction. Then from Eq.
(5), we can get

T ¼ T w þ
T m � T w

d
S ð10Þ

Substituting Eq. (6) into Eq. (10) yields

d ¼ aSte cosðu� hÞ
U cos h

ð11Þ

where Ste ¼ cpðT w � T mÞ=Lm, and a is the thermal diffusiv-
ity of PCM.

If the temperature is approximated by a quadratic poly-
nomial in S, the parameter Ste in Eq. (11) can be substi-
tuted by the following equation:

f ðSteÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9Ste2 þ 280Steþ 400

p
� 3Ste� 20

� �.
4 ð12Þ

When Ste is very small, f(Ste) tends to be Ste, and there is
no obvious difference between linear and quadratic polyno-
mial distribution of the temperature.

The force F acting on the elliptical cylinder is

F ¼ 2

Z p=2

0

P cos udh ð13Þ

From Fig. 1, we can derive the geometric relationship as
follows:

dd
dh
¼ tgðu� hÞ ð14Þ

From the ellipse curve, we can get the geometric relation-
ship as follows:

tgu ¼ J 2tg/ ð15Þ

dh ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 4tg2/

1þ J 2tg2/

s
aJ

cos2 /þ J 2 sin2 /
d/ ð16Þ

The dimensionless parameters are defined as follows:

d� ¼ d=a; P � ¼ Pa2=la

U � ¼ Ua=a; F � ¼ Fa=la
ð17Þ

Fig. 1. Physical model and coordinates.
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Substituting Eqs. (15) and (16) into Eqs. (8), (11), (13) and
(14), respectively, we can derive

dd�

d/
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 4tg2/

1þ J 2tg2/

s
J 2tg/� tgh

J 2tg/tghþ 1

J

cos2 /þ J 2 sin2 /
ð18Þ

d� ¼ Ste

U �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 4tg2/

p ð1þ J 2tg/tghÞ ð19Þ

dP �

d/
¼ � 12U �

d�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 4tg2/

1þ J 2tg2/

s
J

cos2 /þ J 2 sin2 /

�
Z /

0

cos h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ J 4tg2/

1þ J 2tg2/

s
J

cos2 /þ J 2 sin2 /
d/ ð20Þ

F � ¼ 2

Z p
2

0

P �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

1þ J 2tg2/

s
J

cos2 /þ J 2 sin2 /
d/ ð21Þ

Eqs. (18)–(21) are the new fundamental equations obtained
for DT-driven contact melting around a horizontal ellipti-
cal cylinder. The unknown parameters in Eqs. (18)–(21)
are P*, d*, U* and h, which can be calculated with bound-
ary conditions h = 0�, at / = 0�; P* = 0, at / = 90�.

3. Solutions and analysis

There are no analytical solutions for Eqs. (18)–(21),
and the numerical calculation is needed. The main steps
are (a) giving an F*, and temporarily endowing U* with
a proper value; (b) substituting Eq. (19) into Eq. (18)
to eliminate d* and deriving equation dh/d/ = f(h,/);
(c) using the initial conditions to obtain the limit of dh/
d/ at / ? 0�; (d) calculating h by the implicit difference
method with the precision 1E-8, and obtaining d* from
Eq. (19); (e) calculating P* by the trapezoid stereometry
and explicit difference method; (f) calculating a new F*

by the trapezoid stereometry from Eq. (21); (g) compar-
ing the new calculated F* with the given F*, until the
error is smaller than 10E-8 the calculation is finished.
Then, we will get the solutions of Eqs. (18)–(21) with
initial conditions.

Figs. 2–4 give the graphs of parameters obtained by the
numerical calculation of Eqs. (18)–(21), which indicate the
variation law of P*, h and d* along with / under a different
compression coefficient J while the elliptical cylinder is
imposed on a constant resultant force, respectively. From
Fig. 2, it can be seen that under the condition of a constant
outside force, when J > 5, P* descends sharply from the
value at / = 0� to a value nearby zero and then nearly
keeps constant on the rest segment of the curve at larger
/. From Fig. 3, it can also be found that under the same
condition as above, the variation law of h along with /
has a flat opposite process to P*s. Furthermore, when
J > 5, the variation curves of the two parameters with /
change very little in values and shapes. The calculation
shows that when J < 0.2 and J > 20, the variation curve
of d* with / is analogous to that of P* with /. Fig. 5 also
shows the influence of J on the curve of U*–F*.

Fig. 2. The effect of J on variation curve of P* with /, when
F* = 15 � 10�8 and Ste = 0.5.

Fig. 3. The effect of J on variation curve of h with /, when F* = 15 � 10�8

and Ste = 0.5.

Fig. 4. The effect of J on variation curve of d* with /, when
F* = 15 � 10�8 and Ste = 0.5.
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Suppose J = 1, from Eqs. (18)–(21) we can get

dd�

d/
¼ tgð/� hÞ ð22Þ

d� ¼ Ste cosð/� hÞ
U � cos h

ð23Þ

dP �

d/
¼ � 12U �

d�
3

Z /

0

cos hd/ ð24Þ

F � ¼ 2

Z p
2

0

P � cos /d/ ð25Þ

Eqs. (22)–(25) are the new fundamental equations of con-
tact melting process around a cylindrical heat source. The
comparison of the results calculated by Eqs. (22)–(25) with
Ref. [3]’s is shown in Figs. 6 and 7.

For the contact melting around a plate in PCM, we have
[13]

F � ¼ 8U �4=Ste3 ð26Þ
d� ¼ Ste=U � ð27Þ

Figs. 8 and 9 give the related curves of d*–/ and U*–F*,
which are, respectively, calculated from Eqs. (18)–(21) with
J = 0.01 and Eqs. (26) and (27). From Fig. 8, it is clear that

Fig. 5. The effect of J on variation curve of U* with F*, when Ste = 0.1.

Fig. 6. The distribution of thickness of boundary layer with different Ste,
when F* = 15 � 10�8 and J = 1.

Fig. 7. The variation curve of U* with F*, when Ste = 0.05.

Fig. 8. The distribution of thickness of boundary layer, when U* = 1,
J = 0.01 and Ste = 0.1.

Fig. 9. The variation of U* with F*, when Ste = 0.1 and J = 0.01.
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the two curves keep superposition until / draws near 90�,
and at / = 90� the value of d* by Eqs. (18)–(21) is larger
about 1% than that by Eqs. (26) and (27). When
J = 0.01, from Fig. 9 it can also be seen that two curves
nearly keep superposition. But when the curves were mag-
nified, the value of U* by Eqs. (18)–(21) is appreciably big-
ger than that by Ref. [13]’s under the same F* condition.
Calculating and comparing the curves of d*–/ and U*–F*

with different J illustrates that the curves of d*–/ and
U*–F* for J < 0.1 are the same as shown in Figs. 8 and 9.
So when J < 0.1, the elliptical cylinder can be considered
as a flat plate for the contact melting around PCM.

Suppose h = u, from Eqs. (9) and (11) we can get

dP
dh
¼ � 12lU

d3
x ð28Þ

d ¼ aSte
U cos u

ð29Þ

Eqs. (28) and (29) are the fundamental equations derived
by Ref. [11] under the same supposition condition.

Fig. 10 is the graph of d*–/ obtained by Eqs. (18)–(21)
and Ref. [11] under the conditions of the same U* and
Ste. Fig. 10 or calculating shows that (a) when J < 1, the
two curves keep superposition while / is below a certain
angle /o which increases with the decrease of J, but our
curve is upon the Ref. [11]’s while / > /o; (b) when J > 1,
our curve is always upon Ref. [11]’s. It is need to point
out that the dimensionless thickness d* obtained by Eqs.
(18)–(21) reaches a certain value at / = 90�, but d*

obtained by Ref. [11] will tend to the infinite at / = 90�
as shown in Fig. 10.

Fig. 11 is the graph of U*–F* obtained by Eqs. (18)–(21)
and Ref. [11] under the condition of the same Ste. No mat-
ter what the value of J is, our curve is always under Ref.
[11]’s, which will be clearer with the increase of J.

Fig. 12 shows the photo taken from our experiment of
DT-driven contact melting. Obviously, the thickness of
the boundary layer is finite on the two sides of the elliptical cylinder. And the experimental value approximates to our

theoretical results. While / = 90�, under the experimental
conditions the value of d* calculated by Eqs. (18)–(21) is
0.077, and the experimental results are shown in Table 1.

Though there are still differences between the theoretical
and experimental results, the amelioration by our above
new model is obvious, namely, the value of d* is finite at
/ = 90�.

4. Conclusions

P*, d*, F*, U* and h are all the important parameters dur-
ing the process of contact melting of PCM around a horizon-
tal elliptical heat source. In this paper, the mathematical
model is improved, and the new fundamental equations are
derived with the film theory. The new pressure distribution
inside the boundary layer, the variation law of normal angle
of the solid–liquid interface, the thickness of the boundary
layer and the relationship between the melting velocity andFig. 10. The variation curve of d* with /, when U* = 89.51 and Ste = 0.1.

Fig. 11. The variation curve of U* with F*, when Ste = 0.1.

Fig. 12. DT-driven contact melting of n-octadecane around an elliptical
cylinder, when J = 0.5.

Table 1
The experimental results at / = 90�

1 2 3 4 5 6

d* 0.0635 0.0862 0.0801 0.0737 0.0769 0.0900
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resultant force are obtained for different values of J. The
results indicate that after considering the difference of nor-
mal angle between the horizontal elliptical cylinder surface
and the solid–liquid interface, the thickness of the boundary
layer on the two sides of the elliptical cylinder can be worked
out with a certain value. So we suggest that Eqs. (18)–(21) be
employed in the researches of variation law of the thickness
of the boundary layer, by which there will be a more reason-
able and accurate result than that by the published litera-
tures. But when J < 0.1, because the equations derived by
Ref. [13] are more convenient for us to use, the elliptical cyl-
inder can be taken as a flat plate if the thickness of the bound-
ary layer near / = 90� is not calculated. Also when J < 0.5, it
is suggested to use the mathematical model of Ref. [11]
because of its tiny difference and convenience. For the other
J, the mathematical model and equations can be chosen
according to the requirement.
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